Abstract: This paper studies the relationships among various stability notions .for a class of infinitedimensional systems, which contains a class of systems not covered by the existing method, e.g., those having infinitely many unstable poles. It. is proved that i) internal L2-stability and exponential stability are equivalent; ii) internal stability implies H"-stability. Several necessary conditions and sufficient conditions for internal stability are derived. In particular, it. is proved that, under certain conditions, a canonical realization is internally stable iff it is externally stable. These results are applied to the servo problem involving this class of systems. It is shown that i) an internal model is necessary for tracking; ii) an internal model along with closed--loop stability implies tracking.
Introduction
Recent advances both in theory and in technology require the solution of more and more advanced and nonclassical control problems. For example, there are varied practical demands to design a servo system which has the capability of tracking ~I J periodic: reference signal of a fixed period L. A recently introduced control scheme called repetitive control has been designed to meet this requirement ( [ll] , A repetitive control system takes the basic construction as shown in Fig. 1. The idea is to incorporate an "internal model" l/(ety -1) into the system, and then stabilize the closed-loop system. It is easy to observe that this internal model has the ability of producing any periodic: signal with a suitable initial function. Hence in view of the well-known Internal Model Principle ([lo] ), the output is expected to track any periodic reference signal. It should be, however, noted that this scheme raises several theoretical problems, which require a new theoretical challenge. First of all, the open-loop system becomes an infinite-dimensional system with infinitely many unstable poles. Although there are some researches on infinite-dimensional servo systems ([7],[9]), the method using the algebra A ([5] ) of stable impulse responses is not suitable for the present situation in the sense that i) the method cannot handle the case of infinitely many unstable poles, and ii) only the L2 input/output stability is guaranteed, while what we really need is an internal exponential stability.
This observation induces the following questions:
1) In what class should we consider the infinite-dimensional servo problem?
2) To conclude exponential stability, what can be said about the relationship between internal and external stability?
3) Does the internal model principle carry over to the present situation?
These questions have not been answered in the literature in a way applicable to the case of infintely many unstable poles, as is typically the case of repetitive control systems. Therefore, in order to answer these questions, we make use of the framework of pseudo-rational impulse response introduced by the author ([ZO]). Using this framework, we can unambigously discuss the internal structure of the canonical realization. The main themes of the present paper are then i) clarifying the inter--relationships between internal and external stability, and ii) investigating the servo problem for t,his class of systems. We will prove that i ) intern. a'(R) : = the space of distributions on R with EmIacJ support. g'(R-) : = the space of distributions on R having compact support contained-.jz (-w , 01. The delta distribution at point a will be deonted by 6 s , and its derivative will be denoted by €is'.
Convolution will be denoted by *, as usual. Given a distribution a , its support is denoted by supp a. For a distribution a E 8 -' , r(a) denotes the least upper bound of supp a : (1.2) r(p) : = sup {t E supp p}. Concerning r(pfp), the following identity holds which is a consequence of the well-known theorem of Titchmarsh on convolution ( [ E , pp.2241): (1.3) r(cp*v) = r(9) + r(u). The space Qn := (Un,e Lg[-n,O])n, with the induct.ive limit topology (see [19] , [20] (1.1)
(ata)(z) := m(z + t), z 5 -t, (ata)(z) := r ( z + t), t E re.
(1.4) (0, -t < z 5 0 , o E Q m ;
CH2505-6/8710000-1558$1.00 0 1987 IEEE We denote by J the following subset of g'(R-): J : = {IP E g ' ( R -) ; r(9) < 0). In view of (1.3), J is a prime ideal of g ' ( R -) , and hence the quotient ring g'(R-)/J is an integral domain. W e denote by 9 the field of fractions consisting of elements of Z'(R-)/J. IlAIi, : = sup omax(A(ja)).
-m<(o<m
The closed right-half plane will be denoted by C * .
. Preliminaries: Pseudo-Rational Impulse Responses
In what follows we shall exclusively deal with those impulse response matrices having a particular type of fractional representation.
We call such impulse responses pseudo-rationgJ. To introduce the notion of pseudo-rationality, we first make the following definition. A pxm matrix with entries which are (Radon) measures on [O, m) (see [20] for details) is called an impulse response matrix. A n impulse response matrix A induces a (zero initial state) input.-output correspondence as follows:
Here x is the project.ion defined by (l.l), u E nm is an input vector and the output vector f(u) is understood to belong to the space r D . Note that when the input u is given on [0, t) and if the entries of A are ordinary functions, then ( 2 . 2 ) takes the more familiar form
by using the shift-invariance. Let A = Q-lSP be pseudo-rational. Let X Q be a subspace of rD defined by (2.5) X 0 : = {x(t) E rD; Z(Q*X) = 0). X 0 is easily seen to be a closed subspace of
rD.
Moreover, it is isomorphic to Hilbert space ([21,22]). Roughly speaking, the standard topologically observable realization we shall be concerned with is constructed as follows ([21,221):
ii) The state y(t, x, u) at time t resulting from p(t, x, u) : = otx + x(A*&u), an input u and the initial state x is given by 9 .
x f x u , (atu)(s) : = u ( s + t).
where (a!u)(s) : = u(s + t). (This formula is obtained
by suitably shifting the input function and using the shift-invariance.)
iii) The output y(t) of the system is given by y(t) &denote this _systet-.b_y Con P ; CQ stands for CQ. I .
The following facts will be used in the sequel:
a) There exists T > 0 such that X 0 is topologically isomorphic to its restriction X Q I ( R . T I to the interval b) The system n P is quasi-reachable (i. e., the reachable space is dense) if and only if the pair Q and P are approximately left-coprime over %'(I?-) ([Zl]), i.e., there exists a sequence of matrices R, and S, over g ' ( R -) of suitable sizes such that Since C 0 . P is always topologically observable, this is equivalent to the canonicity of
c) The spectrum a(F) of the infinitesimal generator of the shift semigroup {at} is given by 
. Internal and External Stability
In this section we shall establish interrelationships among various stability notions for the standard (topologically) observable realization C 0 . p introduced in the previous section. We shall prove that i) internal L o -e i l i t y and exonential stability are equivalent; and ii) internal Le-stability implies external H"- We claim that, for every x
Recall that the norm of X 0 is given by the Le-norm on some bounded interval [0, T] (Fact (2.6) a) (Fact (2.6) ). 0
The following theorem asserts that the system c 0 . p is externally stable if it is internally stable. Although it appears to be trivially true, the proof is surprisingly involved; this is because we must also consider the case in which the impulse response is not a function but merely a measure. Such a case must be included into the framework to deal with systems studied in Section 5 . (3.8) THEOREM. Suppose that Z 0 -P is internally stable. Then it is H"-stable. Furthermore, the statement remains valid for any Pseudo-rational AI = Q-lfPl. In particular, det Q(s)-~ e H ' . PROOF. Omitted. 0 (3.9) COBOLLARY. Consider the scalar case, i.e., we assume that the number of output channels p 1. Write q instead of Q and let r := ord q. Suppose that Under the same notation a s A 5 Corollary (3.9), the system CQ is internally stable- gives a sufficient condition for internal stability. -Let A be a peudo-rational impulse response such that it admits an approximately coprime fractional representation A = q-1SP. w i t s canonical realiza-_ _ tion is internally stable if and o n u f (3.12) w.
Tracking and the Internal Model Principle
In this section, we formulate and prove the internal model principle for the class of pseudo-rational impulse response matrices, which is a precise analogue and generalization of the well known finite-
PROBLEM STATEMENT
Consider the unity-feedback servo system given by Fig. 2 , where D, 9, P are pxp matrices over g'(R-) satisfying the conditions of pseudo-rationality. Find a condition under which the error e(t) converges to zero for any reference signal generated by D-1. We first prove the necessity of an internal model for stable tracking in the following sense: (4.6) THEOREM.
Consider the unity feedback system The result then follows from Theorem (4.6). 0 Let us now prove the converse of Theorem (4.6). In view of the preceding corollary, we state the result in the form: under the hypothesis of internal stability, the existence of an internal model is equivalent to stable tracking: (4.9) THEOREM.
Consider the unity feedback system Fig. 2 , and suppose that the closed-loop system Z ( Q + P ) . P is internally stable. Then the error e(t) tends exponentially to zero (in the sense of (3.1)) for any reference signal r generated by ED, if and
i.e., the forward-path of this system contains an internal model PROOF. The necessity is Corollary (4.8) . Now
ii) D is purely unstable.
A h -of ED.
observe that e = (Q + P)-1SQSr = (Q + P)-ISQSD-1Sua
= (Q + P)-lSMSue, where UI : = DSr. Since the system E ( Q + p ' -p is exponentially stable, it follows from Theorem (3.4) that the system x ( o + p ) is exponentially stable and hence so is z ' Q + P ' . m .
Therefore, the error converges exponentially to zero. 0
Observe that, as a result of dealing with internal stability, the above theorem assures exponential decay of the error e(t) for any initial state, in contrast to the results of the existing investigations (e.g.
[7], [9]) given in terms of H'-external stability. Note also that Theorem (3.16) gives an external condition guaranteeing internal stability needed here.
Application to Repetitive Control Systems
In practice, one often encounters the situation in which the reference commands to be tracked and/or the distrubance to be rejected are periodic signals; repetitive commands or operations to industrial robots and NC machines, or disturbances depending on the frequency of the power supply are examples of such situations. A new control scheme named "repetitive control" is introduced to deal with such situations and has proved to be very effective ( [ll] , [14] , [15], [16] ). Highly accurate asymptotic tracking can be achieved by implementing a periodic signal generator into this scheme. It is easily verified that any periodic signal with period L can be generated by the linear input-free dynamical system shown in Fig.3 , where the waveform is specified by an initial function re. In other words, the transfer function of the periodic signal generator of period L is given by
riz7-- It is then immediate from Theorems (3.11) and (4. satisfies (3.12), then the error e(t) tends exponentially to zero for any periodic reference signal r(t) with period L.
A sufficient condition for this is given as follows: in Fig.  2 , yhh a ( s ) E d ~( s ) aye_-polynomials with no common factors. If g(s) = p(s)/a(s) satisfies condition (5.6), then-the error e(t) tends exponentially to zero for any pgriodic reference signal r(t) with period L. 0
The above result corresponds to Theorem 2 in [13] and Theorem 1 in [ll] , where only the convergence in the sense of L2 is assured in [ll] . Entirely parallel discussion can be carried out for the case when the internal model included is expressed as (exp(Ls) -1)-1 + a(s), which has been investigated in [ll] and [13] . For example, in the case of a(s) = 1, we obtain
Hence, under the same assumption of Theorem (5.9), if g(s) = p(s)/a(s) satisfies (5.11) then the error e(t) tends exponentially to zero.
Note here that the second condition in (5.6) or (5.11) can be satisfied only when g(s) is not strictly proper,i.e.,pn + 0. We will now show that this condition is actually necessary for internal stobility. Accoridng to Theorem (3.8), the closed-loop transfer function qc(s)-t must belong to H" for the internal stability. Suppose that e n = 0, that is, g(s) Hence B n must be nonzero.
Thus we have the following theorem on necessity which has not been clarified in the literature: (5.12)
THEOREM.
Consider the SISO unity feedback system Fig, 2 . If the closed-loop system is internally stable and the error e(t) tends exponentially to zero for any periodic simal r(t) with Finally, a numerical example is shown to illustrate the results. We consider a repetitive control system consisting of a bicausal finitedimensional system ii) g(s) is bicausal, i.e., B n + 0.
(5.13) g(s) = and the internal model (5.14) (exp (Ls) -11-1 + 1 = exp (Ls)/{exP (Ls) -1).
Since g(s) satisfies the conditions (5.11), the error e(t) tends exponentially to zero for any periodic signal with period L in this repetitive control system. This is shown by a simulation result Fig. 4 , where the reference command r(t) has a triangular type waveform with period 4, and y(t) and u(t) denote the controlled output and the output of the internal model (5.14), respectively. Observe that the tracking error is reduced to a very low level after the fifth period.
In contrast with this satisfactory result, stable tracking cannot be achieved for the strictly proper plant case by Theorem (5.12), which is illustrated by Fig. 5 , where and the internal model given by (5.14). Although the tracking error may tend to zero, the internal stability cannot be assured, since u(t) becomes larger in amplitude and contains higher frequency oscillations as t goes to infinity. We note that introduction of an approximate internal model for the periodic signal generator improves the stability margin and enables us to achieve satisfactory high accuracy tracking for strictly proper systems. This modification has been adopted in many practical applications [ll] , [14] , [19] . An approximate internal model can be given as systeas, Part [24] Y. Yamanoto and S. Ueshima, 'A new ,odd for neutral delayd i f f e r e n t i a l systems,' I n t . J. Control, 43: 465-472, 1986. 
